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Summary

--1 -Mr 1.....,6,IN theoretical analysi lo(Ithe behavior of long, circu-
lar, cylindrical shell dof sandwich constru'ltion under axial compressive
loads. The analysis is designed to evaluate the effects of the relatively lowshearing moduli of sandwich cores on buckling stresses. Families of curves

are presented for use in designing shells of sandwich construction having Ito-
tropic facings and orthotropic or isotropic cores.

The results of the theoretical Analysis were compared with those obtained
from tests on a series of curve6 panel.. It was found that the theory applied
reasonably weli to curved plates of seoes sufficient to include at least one

o• ideal buckle. Application of the theory thus is not limited to long, completecylinders,

__ " -This progress report is one of a series prepared and distributed by the
Tortet Products Laboratory uad~r U. . Navy, bureau of Aeronautics
Order Nte. NAer 01Z37 and 01ZO, and U. S. Air Force No. USA? 18
(LOO) -70. Aesults here reperlt-d are preliminary and may be revised
as aditiona4l dats become available, Origi•al report published June 1952.

•-ý ifhnaiaed at Madison, Win., in coo.eration with the University of Win -
conoin. j
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Introduction

In the design of airc-aft an. guided missiles, it was found necessary to de-
vise a method of determining the stress at which cur',ed sandwich panels
subjected to axial compression become elastically unstable. It is known
that, for thin, homogeneous materials, a curved form greatly increases the
critical load as compared to a flat sheet of the same approximiate size. A
similar increase may be expected for curved -andwich panels. Although
this report applies primarily to sandwich constroiction for aircraft, the re-
suits are general and apply to any structures of the type considered.

This report presents a theoretical analysis of the behavior of long, circular,
cylindrical shells of sandwich construction under axial compressive loads

IIand an experimental confirmation of this analysis by tests on curved panels
of sufficient mine to include at least one ideal buckle. Thus, these panels
are assumed to simulatc the action of coarplvEe cylindtr,.

The buckling of F homogeneous, isotropic, thin-walled cylinder was treated
by von Karman and Tsien (I_.- and by Tsien (•3, 14) in related papers.
These authors assumed, in addition tc the wave form of the classical theory,
inward buckles of diamond shape to rep.remernt the characteristic buckles that
are actually observed. They used an energy method to determine the criti-
cal compressive stress. This method, in which only diamond-shaped buckles
are usee, was applied by March (7) to cylinders made of plywood, an ortho-
trnpic material. Particular attention was paid to the effect of initial irregu-
larities that contribute to the observed scatter of experimentally determined
critical stresses of both isotropic and orthotropic cylinders.

In this report, the effect of shear deformation in the core of a sandwich
cylinder it taken into account by employing an approximate "tilting" method.

* This method was used by Williams, La,.Sett, and Hopkins in their analysis
of flat sandwich panels (18) and by Lef., vtt and Hopkins in their analysis of

.* flat sandwich panels and cylinders (4W). It amounts essentially to assuming
that the transverse components of shear stress are constant across the thick-
ness of the core. The form of buckles assumed by Leggett and Hopkins (4)

* in the cylinder is different from that assumed in this report.

The zorm and facings are taken to be orthotropic, with two of their natural
axes parallel, respectively, to the axial and circumferential directions of
the cylinder. The facings, which may be equal or unequal In thickness, are

3
-Underlined numbers in parentheses refer to Literature Cited at end of

report
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assumed to be thin, but their flexural rigidities are not neglected, as theme
tmay be of importance in certain cases. All stress components in *he core
are neglected except, the transverse shear components. it was pointed out
by Reitssner (LZ) that the stress component in the core normal to the facings
may be of importance in the analysis of sandwich shells. Preliminary calcu-
lations indicate that the effect of this component is small in the problem under
consideration.

As was done in work described by Forest Products Laboratory Report No.
132Z-A (1), initial irregularities are assumed to be present and to grow un-
der increasing compressive load until buckling occurs. For a discussion of
this important matter, the reader is referred to that report and, in particu-
lar, to the observations of the growth of artificially produced initial irregu-
larities. Also as described in report No. 1322-A, a large deflection theory
is used to take invo account the nonlinear support associated with the curve-
ture of the shell, as discussed by -on Karman. Dunn. and Talen (17). The
derivations uf the differential equation for a stress function and of the ex-

rpro-om n --- t-. - n--- of d-fo-matnon art- e•tIenon of the Lanayeis used
by von Karman and Tsien (16) for the homogeneous, isotropir rylinde~r to the
sandwich cylinder composed of orthotropir, materials. Suitable modification
Is made for the effrct of shear deformnatlnn in the core of the azndwich.

Theoretical Analý sis

Choice of Axes Notation

The choice of axes is shown in figure 1, the coordinate )ybeing measured
along the circumference, The notations for stress and strain are those of

Love's treatise (.). The components of displacement in the axial, circum-
iL. dnial, and radial directions, respectively, are u, v, and w, the latter
being positive inward. Since initial irregularities of the cylindrical surface
are assumed, the symbol wo it used to denote the initial distance, measured
radially, of a point of the M"Tddle surface from a true cylindrical surface of
radius I, and the symbol w to denote the corresponding distance at any stage
of the deformation. The thickness of the core is denoted by c and that of each
facing by f i and fZ, respectively.

Extensional Strains and Stresses

Expressions can now be written for the extensional strains uniforrr across
the thickness of the cylindrical shell and for the corresponding mean mem-
brane stresses. On these will be superposed a eystem of flexural strains,

kept. No. 1030 .3-



and the energy of defortnation associated with each system of strains will
"be found.

The extensional strains are expressed by the equationst

exx " + 1(ft/ "½ I W

** i (! (a .,, + 1-)a y Ox- + xS y r ,y

In each facing. the corresponding stress components are:

ESIC. e )

"x IT Y" yy

Y. k (yy 4'xy ex) (Z,)

Xsy PXY exy

- where Ex and E are Young's moduli, gzy is the modulus of rigidity for

shearing strains referred to the x and y diresctions, v and r are Poloson's

* ratios, and X - I - ixy ryx. All oa theme quantities are elastic properties of

,the facings. Because the sttres components X., !Y' and Xy are neglected

in the core, the mean menbrane streass components for the cylinder arei
Ea

ix a 4- (e xx + eyx "yy)

S(ea + aw exx) (3)
y -x ,, -,

3ray ,m y

where-
E x, y V I + f 4) E y ( (I + Yz R N Y (f I + (z )

Ea bb - Lb h (4)

and f
oept. No. 1830 -4- (
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From the relations

E~ rx W .a~ ICr Y(W6

that holds for orthotropic materials and equations (4), it follows that:

Ea Wyz " .Ub c xy (7)

By using this relation, it Is found from equation (3) that:

a - A .!-x q

~ EbY
¢yy" YY U.E

CxyS x

The mean membrane stresa components satisfy the equations of equilibrium:

si + ! -K 0Ox y (9)

&hby

They can consequently be expressed in termu of a stress function as follows:

a1 2 , fY 1 , *Z (:0)Oa

It is found from equations (1) by eliminating u and v that:

& zex z2ry aze v 2 12
*xy h•y lxey exi)

$two 2 a zwoo w0  Iw I taw*

+ z a a a
bS y f V ;Z r #x

Rept, No. 1830 -S..
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By introducing (10) in (0) and substituting the results in (It), the following
differential equation for F Is obtained:

F *aF a w aZ j w * _._w gw a
&t y4  ftIgyt bl~y Mxby hY

leww 2ww (It2)

by r ax-- + x"

where:

A C -- ( (13)

It Is readily established that the following expression represents the energy
of extensional deformation of a rectangular portion oi the shell with edges of
lengtwv a-and-b:

?jX +AY - - dy di14
2X Y Ea X y

Form of Buckles and Initial Irregularities

The stress components X. YV al X7 In (14) are derived from a stress
function r, satisfying the difflrential Iquation (it), which involves deriva-
tives of wo and w representing the initt-- -4• .z4rmed middle surface of the
shell, TW w, the inward radial deWection, the folkw•ing form will be chosen:

-_Mug + 6 cosa (0f - m) coaz (Py+c) (15)

r

where

0 W (16)

The nodal lines of the trigonometric portion of equation (15) are shown in
figure 2. The dieplacement w Is'positive inward. In equation (16), a and b
represent the length and widt¶, teswpctivsly, vi a diamond. The initWal r-
regularities will be assumed to have the form (15). This is done foar the pur-
pose of elmplifying the calculations. Then w. is chosen in the following frm:

Rapt. No. 1830 -6-
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wI

I.. + C8 02 ( - OK) scZ (Py + a) (17)

* , An initial flat spot on the surface of the cylinder could be described roughly
by equation (17). An initial irregularity was introduced here, as it was in
report No. 1312-A (•), toa obtain a qualitative description of its Influence in
cauiing an isolated buckle to develop in its vicinity, f the initial depth of
an irregularity of the form (17) is very small, the dimensions of the area
that it occupies are not very important, For this reason in order to simplify
the calculations, the dimensions a and b in equation (17) are taken to be the
same as those in equation (15). From Rhe qualitative description that is ob-
tained of the development of an isolated buckle, conclusions were drawn in
report No. 1322-A that led to the derivation of the final formulas from the
analysis for the case wo a 0.

The, details of substituting (15) and (l7)Lin (IZ),of obtaining the stress fusec

Lion F and the ctret-*. c-c1.ti, I V * and X,, of substituting these stress
romponnents in equation (14), and of relaled operaLions are idcntiual wiilh MIc

corresponding operations performed in rcpcrt No- l32Z-A (7). Reference
is therefore made to equations -Z,) ant (1,.!) of that report. The following
differences in notation should be noted,

Notation of Report No. 13ZZ-A Notation of Present Report

H E b

| |--El-•L Cr Yx Wrxy

f' f:6, E a

f, fIb,Xa
X, Y, Xy, Y, xy

y y

From equation (14), the energy of exteraional deformation WI is then found
to he: 41+4(1

hab 14r 4O2)L;4 (62 _ 6oZ)Z. .I
44 4

I+ z a 4-,0 !

4 4 _ _ _ _ _ _

16 (An 4 + 8lDB4 + 9CO)-) 16(B1A4'4 + 4 9Ctp3z)

rZz a2(6 + 6-1°
A. 43pz + 4Acl C I |p(8I -- f

64(Aw4 + Bj 4  caZ) EA

Rept. No. 18)0 -7-
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This equiation is equation (31) of report No. 1322-A (7) with the proper values
inserted for the former abbreviations M and S. The quantities p and a,
represent the mean compressive stress and the mean circumferentiafl-tress,
respectively. "

If n in the number of 1-uckles in a circumference, the width b of an individual
-

buckle and n are related by the equation:

b -_. (19)

71

Then:

Sn (20)
b Zr

bb
It will! be convenient to denote the ratio b of the dimensions of a buckle byt

a

in the expression obtaified (tom (ii) by u#i. cqua)one (30) and (±1), lat;

r hi 0 Oh

Ku As 4 + 81B + 9Cza (23)

Kz = 8lAz 4 + B + 9C3 2  (24)

K3 -As*+B+CB"z (35)

a4 + 4 + Z4 + 17. (26)
40 9-7-B 409A•" SZK' 13K 048K 3

1 Z4 (27)
3Z12A + 3ZK 3

03  - 5A + (28)

Equation (18) then becomes:

Kept. No. 1830 -8- 1



W ha rrZa, Z z .2 C ) ( 0 -(4 I-)(I -a a

+ 6@3 (at 4)2] 4+sBPI ý.L1 + !aclIP}

Flexural Ener.ry of the Shell
To determine flexural energy of the shell, the following simplified expres-

sions for the changes in curvature and unit twist are used:

**(w wo) *Z(w we) S2  w ) (W3)S• , (30)
ex ty axey

A discus sion of the approximations involved will be found in a paper by
Donnell 13. Thene expressions were used by von Karman and T'ien (16)
and by March (7). The expressions (30) are exactly those used in calculat-
ing the flexural energy of a flat sandwich plate. The approximate flexural
energy of such a. plate was found by March (9) and by trickeen and March (Z)
by using the "tilting" method of Williams, Leggett, and Hopkins (4, 18).

In this method it is assumed that any line in the core that is initially straight
and normal to the undeformed plate will remain straight after the deforma-
tion, but will deviate in the x and y_ directions frotn the normal to the de-
formed platte by amounts that are expressed by the parameters k and k'.
These parameters are determined by an energy method. These "tilting"
factors k and k' are introduced as well a two quantities a and K: that deter-
mine the*positons of the surfaceus in which, respectively, the components u
and v of the displacement in the core vanish. The letters k' and !C replace
h ad r, respectively, of report No. 1583-B, because hand r have already
'eeft used in the present report. The following derivation of the expression

for the flexural energy follows closely that used for the flat sandwich panel
in Forest Products Laboratory Report No. 1583-B (2), to which reference
is made for further detail,. For the sake of simplicity in writing, the initial
irregularity wo will be for the present taken equal to zero. It will then be

introduced in the final steps by replacing w by w - wo.

The components of displacement in the core (fig. 3) are taken to be:
u~u~kSw•c k q) a)

VC k' ft q1) O (31)

wc a w (x, 
a}

Rept. No. 1830 -9-



Thus q denotes the surface in which the components of displacement in
S the x direction vanish and 1% is the parameter describing the inclination in

the x direction of the respective plane sections to the normal to the deformed
Burrce. Similarly q and k' are related to the displacements in the y direc.
tion. These four quantities are to be determined in such a way that the flexur-
al energy associated with a priscribed deflection w is a minimum.

To arrive at expressions for the components of displacement in the facings,
it is noted that the continuity of the dirplacement at the facing.to-core bonds
requires that the components (31), evaluated at • a 0 and L c, shall be
those at the inner surfaces of the facings fI and f2 , respectively. Within
each facing, the components of dispiacemflt arcldssumed to be such that
* straight line initially normal to the undeformed surface of the plate will
be straight and normal tQ the deformed surface. Accordingly, the compon-
ents of displacement in the facings f1 and f(, respectively, are!

aw
01 (kq - )x

Ow
* v1 '(k'q' -t) 7Y (3Z)

w1  w (x, y)

and
U2 -[k (c - q) + c3- ']w

* k' (c- + c (33)

W2 (X, 7,)

The components of strain $n the core c and facings fI and f2 will be denoted
* by the superscripts c, 1, and 2, respectively. -

From (31), the transverse shear strains in the core are,

e(- kk ) (B) y--elz e x A• ry

The effect of the remaining strains in tVe core is assumed to be negligible.

In finding the strain energy of the fa:ings in the bending of the plate (or shell),
it is convenient to consider the components of strain in the facings to result
from the auperpoaition of two states of strain. The first of these consistd of
the mo-,mbrans strains in the facings- associated with flexure, that is the
strAin in their middle saufaccc. From (1Z) and (33). these strains are found
to be:

Rapt, No. 1830 -I0.
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'• ex s(kq j-)--"

eyy

(1 82

(1) ,k + ,''+f ! w
exy ( +k xBy (35)

and

S- (c. q')+ -tz'

(2)

e (" [-k' (C +

L 4vy

= - (c - q) + It - + aw (36)

The second state of strain in the facings is that associated with their bending
about their own middle surfaces. This stat's, in either facing, has the corn-
ponents:

e I w ' 2W (37)

where is measured from the middle surface of the facing under considera.
tion.

The strain energy in the core or facings iv given by the expression (6 _,)

U a*Iffjr[E. ezxx+ Eyezyy +2ZEXryX xx

+Z + ez!;x] dt dy dx (38)

where for the material under consideration (core or facing), X r ¶x . y;
E. and E are Young's modu.i, , i and K re modul rigidity; yX

and uXY and are Poisson's ratios, Primedlilterm will denote the elastic

Rept. No. f130 -Ii-



constants of the core material and unprimed betters will denate those of the
facing material. The integration indicated in formula (38) is to be carried
out over the area OASC of figure 3 and the thickness of the care or facings.

The energy in the core is obtained by substituting expressions (34) into (38),
the remaining strains in the latter formula being neglected as previously
ustated. After integrating with respect to ý over the thickness of the core,
the expression for the energy, denoted by Uc, is

UcU x ( -k) + kAy, (1 - K) dy dx (39)

The Gtrain energy in thr fwringw iusafiteld with the membrane strains is the

sum of the energies obtained from (35) and (36). With the substitution of
these expressions into (38) o-ne obtalns, after integration with respect to E.
the f,,iowing ciypr•c.aion which .' denoted by UM.

7

UM sjjj L .(k tk) fa(c-q)+ .xa

+ F f (k'q' +-)+ k (k (c- q + 4.

+kqZj-(kq + -!' ( 'q + f~k a+ 4 2~ W a z
yx ~ ' 2 1T/Z\kIc -q)-y 1)(kc -q)+ -T .

+ KIxy (kq + kq' + fl) f (k (c - q) + k. (c - ) + dy dx (40)

The strain energy in the facings associated with the flexural strain, Us, is
obtained by substituting expressions (37) into (38) and integrating uver the
volume- of each facing. After integrating with respect to C.

Z4 X ) z Y24K 1  1  -x ( +~ .zj± 4 E w w

+sI X*X /a~ Z92 W\ y1djx(41

Rept. No. 1B30 -. 2-
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Now in all of the expressions (39), (40), and 1) replace w by w- w.. The

flexural energy W2 of the region OABC of the shell to the sum of UM, UT,
and U•

c A
For equilibrium, the "tilting" factors k and I' and the ordinates !i and €L of
the neutral surfaces are to be chosen so that the total energy is a minimum.
But these factors appear only in the flexural energy Wz. Hence, they must
be chosen to satisfy the conditions

8W2 -W 8-W, 0 . - oW
8 0kq 8(k'q') ' k Ski

By proceeding exactly as in report No. 1583-B (.), the quadratic form (A14)
* of that report with k.' and T replacing h and r. respectively, is obtained for

WZ'. The coeflilcints 13 in equation (A14) are defined by equations (Al1) in

L e.ru u -ats Ai ic-zh & defi-ed by:

o *( - .B

Z-q
+ Ki~xy ( x~y )dy dx (43)

ab .'Zw--.,2
Alurf E÷- + )X*'X ( 8ya dy dx (44)

OA3 • ee By2 8Y

o2

A 4  UJJP'rr('O'• ) dy dx (45)

o 0r b [ ( w- -o,) (

f J SIX

a + w ] dy dx (46)

S0

Rept. No. 1830 -13-
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On factoring out-the common factor, it is found that:

ZW2 a r (6 - 80)2 ab[ B1 ' (kq)2 + ZBZ' (kq) (k'q') + B3 ' (k'q')2

+ ZB4 (kq) k + 285' (kq) k' + 2B5' (k'q') k + 2B1' (k'q') k'

+BI k + zB8' kk' * B3' k + 2 3 wO (kq) + ZB1' (k'q')

+ B12t k+ 21I3 kI + B1 4 + B 15] (47)

where the quantities Bi are defined in terms of the quantities Ai' by equa-

tLona (AIS) of report No. 1583-B. each At replacing the corresponding A4

in those equations. The quantity in brac-ets in equation (47) corresponds to
zU' in report No. 1583-5. (Note that equation (AU) of that report should
read P -U.

It is easy to see that the steps of imposing the conditions

O* W2 X 0 W a 0.OW 2 S0 W?a-T • o :o -&=o,a " .. ,...
* Bkq) iwU3U Ok Ok'

and of determining kq, k'q', k, and k.' and substituting their values in the ex-
pression (47) for MaW2 aeidentical with those taken in report No. 1583-B (D)

and that 2WZ is equal to the right-hand member of, equation (AZS) of that re-

port multiplied by r 2 (6 - 60)Z ab. It is concluded from equations (AZ6), (AZ2),
and (AZ2) of report No. 1583-B that:

I [A I I + ZA 2 ' + A3 ' + (A 1 A3' - AZZ)(r )Wz = IlZ rz (fi. 60) 2ab IA I , A4 1 -2)

SA14, r A3A * (Al A3  Az'. )
I + +±+ ,

A4  A 5  A4 A5

+ If (At' + ZA ' + A 3 ' (48)

where I, If, and tare defined by:

Kept. No. 1830 -14-
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fI

z. t� \ /1(49)

fl3 + f+
If 3 + 150)

12

c fl f2
Sf + f

1

and A1 ' by,

A1  4 2 2 (
A (3 Elt +kgtu

A, ~ + )hu.. 02,32 5

A3 = (3 E yp + vxy a (54)

3 31&IL 3aP

A4 u- ,6 A5 Iy (55)A4 5-"" ' S 8

" Nate that
' ' t '4 A'. K4

AI + ZA• + A3 •

z 3 x 4

where

K4 . 3Exz 4 + 3 Eq + Z(Exa0y + -Xýy2

and introduce the following abbreviations in the expressions for Al 1 Al'

* and A3_:

Au C d1 , A , aL d (56)

where:

Rept. No. IM30 -15-
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4I
dI Ms3Zs 4 a +4xy4 5

xa
da (Ex a, + .,xy)z (57)

d3 m 3E1. +Kl,

Also, 3111 ' 3Z i' Is
3a *¾,x 3 (1&)

I ; X

Substituting these expressions for A', equation (48) becomes

I ~,jI[ + 4s ! (dtd 3 - 4z-r) +
r+ (~-, 8f 88.4 + 64M4* 2(dld3 .d 2 )

"+ + 7 + " ,

+ I.K 4} (59)

The iTollowing transformations are made by using equations (20) and (22):

2

~p LAxZ + xs znh

where

ZSK'
* S w -- r----60x 3XI• h (60)

and

3 Y4

where
S *yE-- (61I)

By - 3Xp rh

Rept, No. 1830 -16-



The coefficient of the expression in brackets in equation (59) is also trans-

formed by using equations (20) and (22), The expression for Wa becomes

( )2 abr 3  (1I1 [K4) + (d1d3  4Zd) . +-ja
a ab ' z Ex 2 y2

32kr q2 (d.d - ( d S dr
+ +.i+.Irrr y

3 
(3WZ w e4 ab %(-.o)z - (63)

where Q/~K ,
L ) 4 'NI 3" Z Ex Y 5 +(Ih 3 ) K41  (64)

e4 ?-d n )S3 Sy+ q 1 43 - x S+ 'd ISx+ ±ry 1?(d I d3 2~ x

Ex Ex ExZz

Virtual Work of the Compressive Load

Exactly as in equation (35) of report No, 13ZZA (7), the virtual work, W3 ,
of the compressive load, calculated (or the region OABC, figure 2, Id--
found In the notation of the present report to be:

+ B r z2 (62 6oz)p]

z.bh[B mZ PC pc+ e .ri (42 -z)o z .] (65)

W3 = abh 1BP"+ a P c El r

where

_3 Z (66)
5 6=4

It will b convenient to consider the mean energy per unit volume of the
cylindri. al shell. Hence:

W * (W1 + W1 - W3 )fabh (67)
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in accordance with equatiors (Z9), (63), and (65)1

+0 1  A hA - 251 h t EWAR! +±C -1, (68)

The Buckliag Stress

For equilibrium, the derivatives of W with respect to the various parameters
jl, C1 , •. and z vanish. From the condition

0 C. it frl',•flot Thwt rs (69)

-'I denotes the. mean circumferential stress. The parameter g appears

onlV In the expression for c1 as given by equation (30) of report No. 13Z2-A

(7). The fact that c1 vanishes implies that g, which describes a uniform

radial expansion of the cylinder, takes on such a value that the meson rircum-
ferenLial stress vanishes. Further consideration of the parameter jL is not
necessary.

oW_* From the condition a 0, it follows that:

P 01T P[el(C÷ o+ eZ +3, to) 0 +e, v ft• t•.o) h.•1 v, ..... ( 7 - (70)

where p, as previously noted, is the mean compressive stress.

Let:
e. V • 13 • 4

Yi ea _ 3 . (71)

aI a& .EEa 4 a
Then (70) can be written:

p.aEa T1G +to) y( - toh (7) Z
1 at ; -r 1 " *4 r

The mean compressive strain. is expressed by:
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-f f---- d-

b a
0 0

As in report No. 1322-A (?), it is found that:

f a BP a2 z Zh (73)
inp 6 4 . ( 0 r)

The further equilibrium conditions

iWn 0 and -w a 0

are to be satisfied. The first of theme is associated with the numrer of
buckles in a circurnmerence or with the width of an individual Luckle, and the
second with the - atio hid -.f fliv whi~ll Af ; buckl-c to 1It- 1't, lh. It -¶rý
analytically feasible to use these conditions in connection with equation (68).

The following mnithod of IarivinM at the critical value of p is baaed upon an
extended discussion in report No. 1322-A (7). Briefly, it was L.onsldered
that an isolated initial irregularity would incre:,se in size and depth with in-
creasing mean compressive stress p. It was lherefore considered that the
load-mean compressive strain curve, with p as a function of 4, for a given
small Initial depth of irregularity would be the envelope of the family of
curves for p as a function of a, drawn for i series of values of n by combin-
ing equations (71) and (7U), 6n taking into, consideration the possibility of
jump; from one eneri'y level to another, iH wAs concluded that the critical
value of Pvolyid scatter considerably, as they actually do in test, depend-
ing upon the depth of the initial irregularity and the characteristics of the
loading process. It was noted that the value of p at the relative minimum
pruint on the envelope of the curves for p as a function of drawn for to = 0,
was intermediate among the possible critical values of j, This mnInim-IMUM
was accordingly chosen as the "theoretical" critical stress, because it could
be conveniently deter mined by finding a relative minimum of P as a function
of iand n. It is necessary to employ numerical methods to determine the
relative minimum value of F.

In report No. 132Z-A (V), the aspect ratio a of the buckles was assumed on
the basis of experimental observations before the minimiation of E was
undertaken. Here, because of the influence of ihear deformation in the core,
a suitable value to assign to t can not be estimated.

Equation (71), with to 0, can be written !n the form:

a ; KE - (7-i)
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where

I~v t - 'vI4-se.. 4 Zyvii(75)
3 • LI1 2 + )4 .i ly1)

The mean compressive stress, pt, in the facings is related to the mean corn-
presuive stress in the shell by t1% equation

P t (76)
h

On recalling the definition of Ea, it is seen that equation (74) can be written

Pf KEx h (77)

For a relative minimulm of pf, the condition

KK . 0 must be satisfied.

From this condition, it follows that;
3"YZ

Z. 11 (78)

T'me substitution of this value of j in (75) yields

64 Y3 92 (79)=• " •~+ ¾4 n)(•3K (--- - -Zy_ l '4 I

In equation (79), K is a function of n and z, which occur in the definitions of
Y, yI' YZ' y 3, and Y4' By using the definitions of the quantities Ea, E be

and"•cm•i •'atppearit"rough the symbols A, B, and C in the equations "T),

(27), and (28), the following txpreuslons are obtained for yVi *VV, and y'

(see equations (71), (Z6), (27), and (28):

Z4 !L *4

Y 1  9  +6  4096E x Ex + 8 + K Ss y 2)-1 z y+ 81 +Ix

4 1&X4

+ L 4 + 1
4 x Zx 4x :+ zEx %

51Z (Sit -- + 1 + - IVxW. Z048 (L

(80)
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E .4

VA3

Vy l1%3zy xy

In obtaining the expression for -V4 from equations (63) and (70), it in con-

venient to introduce the notation'-

T -3s + 3 -r y (EjrYx + ZKi..Xy) (83)

so that

K4  E1 T (84)

and

K4  hT (85)
Ea flI + (Z

then + (d1  dz) +( '+

In T 4 1 x z +L (86
V4 32kh 2 (l + f2 ) I + 2dlSzx +id 3Sy + T1

2(dld3 - d2
2 )SxS (86)

la z Ex Ex ,,.2

Buckling Stress of Sandwich Constructions with Isotropic
Facings and Orthotropic or Isotropic Core

For isotropic facings, considerable simplifications can be made. In this
Case

Ex u Ey .i(Ex.rYx +Z J4IXy)u E. Ixy . "uE/. (1 +ff)

"Then
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1+5-4+ --,+54 24 17 (47)

4096 512 (sz÷ 9)2 +IZ (9z2 + 1)a 2041 (1 + s2)2

14

512 3Z (j + ,2)2

3 'I + 4 )(89)F . ,=256 32 (1 + *LZ I (d~d3 - d22) 6xS ~I d3 d k (89
"T (-.. .. . . 13z4 + 3 + zz ) a 1 Y)

32K 112 (C + f2) ri d is v • s x , (d d3,-d (90)

LI + - A-' +

T =3z4 +3+ 242 (91)

.x =3, .'xrh 4y .Lk A (92)

_ After some manipulation involving substitution of expressions for Y,, yz,

' •3 and Y4 formula (79) for K for sandwich construction with isotropic

* facings and orthotropic core can be written as;

SMI 21 [MZI+ M3nq.~

K + 2 '÷ [ ... ..4 + M 2 n (93)
3 n h2 (fI + f L + M4wqS. + MqZS1

2

where
64 9y 2

2

-64 ( Y3 ." 1) (94)MI 3z2 " y

M •T (95)

(d)d 3  ) 1 (96)
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Ud
M4 + d3e)- (97)

ea

(did3 - dz2 ) 0MS M2 EZMa (98)

or JA x (99)

1
d* 3 3Em + (I - l) Ea (I00)A

d2 3•Er3 Z + •(i -f E) t (101)

a

If c" in taken to be 4, then:

d, a 3Ez (z +) (103)

dz 2 Ex 2 (104)

zz

r13 3E + 1) (10')

If also yl, y = and T are expressed in terms of z and 0 (Eq. 87, 88, 89,

and 90) then the following expressionu can be used in formula 89:

z 3 + 1,106)
I + as~ 4 4(l +________________Tiz 3(l + .Z)Z" z4 + 4 + +4 17

1 16 (Z + 9)Z 16 (91 Z + I)? 64(1 + Z)Z

+ (10()

M (9Z + 70° + 9) + 0) (108)
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M 3 [(01+(9) )9

ii

M4 ,•gz+ + +s '8

)5 E [,4 9 (110)

For constructions for which the shear deformation in the core is negligible.

as it is when is very large and 8 is finite, Sy may be taken equal to aeroa

Then expression (93) can be minimized with respect to 3 resulting in:

3X (fl + f2)h

Thus, Ko is a function of -M, and MZ and the stiffness of the sandwich. It

was foun-d by computation th-at a relative minimum of M1M2 M 0--4 occurY at

z - 0.95. The minimum buckling stress is then proportional to:

KM4 4 ~( I Z)

who e•xhr• (f, + fZ) hZ I3

++ 4'z 
(113)

K
By letting N * the fullowing txpression can be wzitten from equation (89)

for constructions having any value of 8xt

N 5Ma Q r M 21+ M 3 nS SXQM 2¶1 (114

S6Q 1  (1 + ,Z ') .1 + M 4 , S. + M S 'nt S . ÷Z .

whe r it

if
12 T 

(

It was found in Forest Products Laboratory Report No. 1505 (ID that the

values uf I t ½ and lg can be expressed as follows:
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1~t. [h 3s I,1 - ,d

2 h S+ (117)
rh r(

After substituting these expressionio in the formulas for Q, and 02 and

simplifying Q and Q become:

a,,, ,, •, lz - c/hia••19

t ZcedI - /hlh ) (I c/h) - -

I0 4 dLI_( - c/h)4 + 3 (1 c/h)• h"
Qz 4 l ,-7 (I ZO)

(I - c31h3) (I -CAh) - (I - clh4 - 3(1 clh)h -- cd

In equation (114) MI, MZ, M 3 , M4 , and M5 depcend upon -a and 0,. and Q
and Q?, depend upon ci__h and d/h. Formutla (1 14) can then be written with,

appropriate values of 0, c/h, and d/h and then a relative mininum value N
found by choosing a series of values of a and rl. The facing stress at which
buckling will occur is then given by:

4N h l

pf ain oEulTc1e

Buckling Stress of Sandwich Constructions
with Isotropic Facins of Equal Tickness
and O•thotropic or Isotropic Core

Factors in formula (114) can be simplified for sandwich constructions hav-
ing facings of equal thickne..... !..en d w 0 and after simplification

R /ht + 1 I83 .1
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( 1 2 3 )

and finally formula (114) becomes

* ~ ~ N.r !iW(l k - MB Mq + 72 M"7 (124)

The buckling load, which is proportioned to N Is obtained by finding the lowest
relative minimum of expremmion (124) with re'spect ton and a. Expression
(124) can be minimized by taking a derivative with respect to .1 and setting
the derivative equal to zero. This leads to a sixth power equation in
• Miniff-untoo~ts of •with respect to a and for variouu values of -, jh, arid
fl vwcre detcr=nined b- mel"ne f a digit-it eemrter. Mi*A*MInrn~ o-TImf N
at various values of S and for c/h equal to 0.9. 0.8, 0.7, and S equal to

0.4, 1.0, and 2.5 are given in Table I and shown as functions of S. in figures

4, 5, and 6. Also included in the table and figures are values of N for
* c/h z . These values represent sandwich constructions for which the stiff-

ness of the individual facings are assumed to be zero. Although no actual
* conetOrctins can be made of this type, the values can be considered an

representing the limit for constructions having extremely thin facings, These
values of N were obtained as follows. Substitution of c/h n I in equation (124)
for N leads to

(15
?0 S +3

which has one relative minimum value for q ak This minimum value Js
given by

SM 3
N a Iz&Srs M 5  (126)

Substituting in this equation the values of M3 and M5 given by equations (108)

and (110) yields

N * ) (127)
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which is minimum for a a 4% This mninimurm value (for arm 1/4; hence
k w 13/16) is given by

N 0.431(128)

Substitution of this value of N in equation (118) and using the value of Oxfor
fl a f2and c/h a I leads to the following limiting expression for pit

4,h h , (129)
Ef f

For values of Sx ranging from 0 to about 0,6 it was found that equation (itS)
,.1id nnt giv. I,-o.t mirftttAiw, values, In this ranae of 9- the minimum values

were obtained from equation (124) by use of a digital computer.

The value o' N given by equation (148) and the value of the stress given by
equation (129"are independent of the radius of the cylinder and are the usual
critical values associated with shear instability of the care (L5).

The value of 8 of 0.4 and its recyreocal 2.5 were used in the calculations be-

cause they apply to honeycomb cores oriented with the weak direction and

the strong direction parallel to the length of the cylinder. It has been noted

from figures 4 and 6 that In the range of small values of S where N is inde-

yandent of c/h, the orientation of the core *.kes little difference in the

value of N.

A pplication of Theoretical Results

The compressive facing stress at which buckling of cylinders of orthrotropic
sandwich construction occurs is given by equation (77).

Pf a KEx h

where Ei is modulus of elasticity of facings in axial direction, h is sand-

wich thickness, r is mean radius of curvature, and K is given by formula
(79) as

Kw64 [Y3 9YZ2  Y

Ku 2  T1 -Z~ q+Y~
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whore values of V1. -f and y are functions o. a acot ding to eqations (IO), 481),

and (82) and 44 is a function ofi rand a according to equation (86) and K is

taken as the least relative minimum with respect to n and s.

For sandwich constructions having Isotropic facings of unequal thickness
1 and orthotropic core K is given by

4N

KUQI

where N is given by equation (114) as

4-- + -+ TC) L' +MB + s z

where Qa and 0 are given by equations (119) and (120) and Ml, MZ, M3 ,

M4 , and aMS re furctions of z accoiding to equations (106), 10•T.71078,

* T(109), anWdP10) and N is taken as the least relative minimum with respect
to and a.

For sandwich constructions having isotropic facings (Poisson'a ratio 1/4) of
equal thickness and orthottopic core such that B a 0.4k or aLt5- or isotropic
c re (S a 1.0) equation (114) for N has bean solved for c/h = 1.0, 0.9, 0.8,
a and 0.7. Values of N for varlous Sx values are given in Table I and In

graphs in figures 4, 5, and 6. Then the critical facing stress is given by

4N h

where

35

and N is given In terms of Sx where

-These ratios for 0 were chosen as representative of honeycomb cores such
as were evaluated in Forest Products Laboratory Report No. 1649.
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and c is core thickness, I is facing thickness, E is modulus of elasticity of
L# ;n1qs. h is sandwiuh thi•ckness, (c + Zf), r is nean radius of curvature,
aid p is modulus of rigidity of core associated with shear strains in the

axial-radial plane.

The graphs can be used with little error for determining N for constructions
having facings of unequal thickness, provided Sxx is calculated using formula

(60) and 01 is calculated using equation (119).

The analysts may be extended to apply at stresses greater than the propor.
tional limit stress of the facings by use of an appropriate tangent or reduced
rno4ui,1" nf A1'stirlty for the facings. This entails a "trialeand- error" solu-
tion involving use of the tangent or reduced modulus in the quantity B and
elsewhere until the FreuLtant facing stress is compatible w•Ith the satreea-
rnodula*- CUrVe.

Results of the theoretical analysis fall approximately into three zones, de-
pending upon whether there is no shear deformation in the core (S. = 0),
some shear deformation in the core (small values of SX), or considerable
shear deformation in the core (large values of Sx) -

For no shear deformation, the buckling stress is determined essentially by
means of the isotropic or orthotropic theory (depending upon facing proper-
ties) with the stiffnese determined by considering the spaced tacings of the
sandwich.

For large shear deformations, the critical stress is associated with insta-
bility of the core in shear. This has been observed for sandwich construc-
tions in general (15), and It has been found that the mean critical stress
thus determined is the same, regardleeD of the original assumption of the
buckled shape. The smallest value of 8 at which the critical stress is

determined by shear instability of thi. core, however, is greatly affected by
the assumed form of the buckled shape. The inclusion of the stiffnesses of
the facings If gives rise to the family of curves for difforent values of c/1h,

as shown in figure. 4. S. and 6, instead of a single curve, If the stiffnesses
of the Individual facing* had been neglected, one curve only, that for c/h a 1,
would have resulted. The percentage increase in buckling stress due to the
siiffnesses of the individual facings increases as the shear deformation in-
creases, For small shear deformations, the increase is negligible.
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From the reasonnig involved in Ih theory lem•n, to equation (77), consider.
able scatter in the eaperimental values of the t uirical stress Is to be expected
because of the effect of initial irregularities. S• ler scatter is exhibited
by homogeneous cylindrical shells, for the stes reason,

The possibility of failure by wrinkling of the fiacintgs at a stress lower than
that predicted by equation (7?) should be conslfered.

The analysis in this report involves a number rof approximations and assump-
tions. Such procedures are necessary until anrore rigorous treatment of the

Sproblem is developed. A completely rigorous treatment of the buckling of a

homogeneous cylindrical shell is still lacking, in spite of the noteworthy
contributions of von Karman and Tsien.

Teets of Curved Paniels

SThe large size of complete circular, cylindric al shells hiving zealistic fac=
Sing and core thicknesses -ind -curvatures could not b6 AAapted to the sv-ilable

testing apparatus. Therefore, axial compreintive tests were conducted on
rectangular panels curved to various radii. FThe dimensions of these panels
were chosen so that their widths and lengths w--ere large enough to include at

least one buckle of a size predicted by theory jbwru and) as shown
in table 2.

It was then assumed that the curved panel wo0-3ld behave approximately as a

complete cylinder. The type of edge support ildescribed later) was such as
to produce no clamping.

Test Specimens

The test specimens were essentially of isotro pic construction having facings
of clad Z4ST aluminum alloy on cores of etthe r balsa wood, oriented so that
the grain direction was normal to the facings, or of corkboard of three dif-
ferent densities. Corkboard cores were chos -en, because their low moduli
of rigidity afforded means of exploring sheltl in which sizeable reductions
of buckling stresses, caused by large core ah-ýesr deformations, could easily
be obtainvd. These corkboard cores had shisarkrg modull of 1,500, 950, and
320 pounds per square inch, as compared tot 5,000 pounds per square inch
for the end-grain, balsa-wood core.
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Dimensions of the specimens are given in table &. The panel mines ranged
from approximately 70 inches equare to panels IU inches wide and 30 inches
lonu. Mean radii of curvature ranged from approximately 90 inches to 10
inches. The sandwich comstructions had facin•s of 0.01Z inch, o.oZO inch,
or 0.03Z inch thickness on cores of approximately 1/8 inch, 1/4 inch, or I/
inch thickness. All constructions tested had facings of equal thickness.

The specimens wsre manufactured by the bag-molding process. Detailed
description of techniques and bonding adhesives used in this process are
given in Forest Products Laboratory Report No. 1574Q). The curvature
was attained at the time of molding by using a steel mold curved to the de-
sired radius. A strip of aluminum 1 Inch wide and 0.03Z inch thick was
bonded to the facings at each end of the specimen. This was done to facili-
tate machining of the specimen ends and also to prevent local end failure
during the test. The ends of the specimens were machined square and true
in a milling ma'zhine.

Teatinj

The vertical edges of the specimens were held straight by loose-fitting wood
guides, These guides were approximately 2 inches by 2 inches in cross acc-
tion and of lengths 1/4 inch shorter than the test specimen. They were
grooved in the lengthwise direction with grooves approximately 1/4 inch deep
and wide enough to allow the guides to be slipped onto the edges of the test
specimen. No attempt was made to clamp the vertical edges by fitting the
guides tightly.

The lower ends of specimens not wider than 30 Inches were placed on a
heavy flat plate, which was supported by a spherical bearing placed on the
lower head of a hydraulic testing machine. The heads of the testing machine
were then brought together until the specimen Just touched the upper platen
with no load indicatedi. Adjustments were y auýsý on the spherical base until
no light could be seen between the ends of the specimen and the loading heads.
Screw jacks wets then placed under the lower loading plate to prevent tilting
of the plate while the load was being applied to the specimen. A single thick-
ness of blotting paper was inserted at the ends of the specimen to help pre-
vent local end failures. The load was then applied slowly until failure oc-
curred.

Specimens wider than 30 inches were tested between the heads of a four-
screw, mechanically operated, testing machine. No spherical bearing was
used. T7he specimens were ctut as true as possible. If light could be seen
betweet the ends of the specimen and the heads of the testing machine, shims
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of paper or brass were ineserted. until the gap was closed, These wide speci-
mans were also very longi thet'elbre, small irregulerities in the end hearing
were abocsrbed early In the test without causing large variations from uni.
formity is the stresses in the facings.

Results of Teuts

The faing stresses at the failing load. of the curved panels are given in
table 2. Fer later comparison with theoretical values, the parameter N
was calculated for each test specimen by using the formula

where

E a 10,000.000 pounds per square inch (modulus of elasticity of facings)

The visible failures of the specimens were of a type caused by buckling.
Large, thin specimens actually showed large buckles, which disappeared
after release of Inad. The appearance of these buckles always caused a
sudden drop in the load. Small, thick specimens showed buckling, followed
immediately by a crimping appearance at the edges of the buckle. This
crimping was undoubtedly due to shear fatilure of the core caused by high
stresses induced in the sandwich by the buckle. Many of the thick speci-
mens exhibited no visible signs of buckling but showed similar crimpang.
The rapidity of failure occurring immediately upon buckling undoubtedly
prevented visual observation of the buckle itself. Similar behavior was ob-
served for cylindrical shells of plywood (i).

Comparison of Theoretical and Experimental Results

The theoretical and experimental values of N are given in table 2. A com-
parison between them may be obtained by referring to figure 7 which shows
the experimental values plotted against the theoretical values. The scatter
of points about a line representing equality between experimental and theoreti.
cal values shows that theory and experiment agree within appoximately ±t 30
percent.

In view of the Inevitable scatter of experimentally determined buckling
stresses that is associated with initial irregularities of shape and variations
of material properties, it is concluded that the agreement between results of
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tests and of theory ia satisfactory. The coatr is not a5s Limt for ells of d
unadwllh ceustrtction as that obsrved for thin, homaogneous shells Clig, 44, 2

report No. 1219.A D)or for plywood shells (fig. 3, forest Products Ltaors-
tory Report No. 132 1 ). This reduction In scatter may be attributed t'. a
greater total thicknesa shU., Thus, irregularitius that depart from the
true cylindrieal surface of the order of the thickness of the shell are less
likely to occur in sandwich shells than In thin, homogeneous shells.

Conclusions

The buckling stress of long, thin-walled, circular cylinders of sandwich con-
struction in axial compression can be found with satisfactory accuracy by the
formulas and curves of the approximate theoretical analysis of this report.

Curved pances of *1c- large enough tr $rllndt at least one ideal buckle -
2hr ZuW

(i • n and a P -- ) )uckle at stresses approximately equal to those of a
long, complete cylinder,

Rept. No. 1830 -33-

••-I3I I I ICI I |I



S. . . . .--- . .. . .. -.,

Uiterature Cited

(1) EDNZELL, L.
1934. Stability of Thin-maalled Tubes in Torsion. National Advisory

Committee on Aeronautics Twentieth A&nual Report, pp. 95-116.

(Z) ERICKIEN, W. S. and MARCH, H. W.
* I 1950. Effects of $hear Deformation in the Core of a Flat, Rectangular I'

Sandwieb Panel. Compressive Buckling of Sandwich Panels
Having Facings of Unequal Thickness. Forest Products Labora-

II tory Report No. 1583-B,

(3) HEI RINK, B. G.. MOHAUPT, A. A,. and KUNZWEILLER, J. J.
* 1947. Fabrication of Lightweight Sandwich Panels of the Aircraft Type.

Forst -Products Laboratory Report No. 1574.

(4) LEOGETT, D. M. A. a.•d HOPKhS ,H Mr Or
1 4A. Sandwich Penels and Cylinders Under Compressive End Loads.

British Royal Aircraft Establishment Report No. S. M. E. 3203.

(5) LOVE., A. E. EL
1907. Treatise on the Mathematical Theory of Elasticity, Cambridge

University Press.

(6) MARCH. H. W.
1942. Flat Plates of Plywood Under Uniform or Concentrated Loads.

Forest Products Laboratory Report No. 1312.

(7)
1943. Buckling of Long, Thin Plywood Cylinders in Axial Compression.

Forest Products Laboratory Report No. 13AZ-A (Supplement to
Report No. 132SZ).

1944. Stress-Strain Relations in Wood and Plywood Considered as
Orthotropic Materials. Forest Products Laboratory Report No.
1503.

(9)
1948. Effects of Shear Deformation in the Core of a Flat, Rectangular

Sandwich Panel. Forest Prodets Laboratory Report No. 1583.

Rept. No. I80 -34.

I

nf II I I.---~ ... .. - - I - I I - I- I - ------



P•~t PP ~ .. . --- ~ &Arp•_--&..k._ *b. m, w

.: Pm.w 9Pr:b.: ....... ... .. .Y '~' k '. . - -

TS

(10) MARCH, H. W. and SMITH, C. B. -P
1949. Flexural Rigidity of a Rectangular Strip of Sandwich Construe-

tiun. Forest Product. Laboratory Report No. 1505. -

(!1) • NORRIS, C. B., and KUENZI, E. W,
'104." BuckingT of 76=or4, Thin Plywood Cylinders in Axial Compression.

Forest Products LAboratory Report No. 13Z2.

(13) REISSNNER, ERIC
1949. Small Bending and Stretching of Sandwich-Type Shells. National ...

Advisory Committee on Aeronautics Technical Note No. 1832.

(13) TSIEN, H. S.
194Z. Buckling of a Column with Nonlinear Lateral Supports. Jour.

Aero. Se. Val. 9,- p. 119.

(14) --

1942. A Theory for the Buckling of Thin Shells. Jour. Aero. Sc. Vol.
9, p. 373.

(15) U. S. Forest Products Laboratory
1951. Sandwich Construction for Aircraft, Part I1. ANC-Z3 Bulletin

Part II, pp. 39, 40, 41. Published by Munitions Board.

(16) VON KARMAN, TH. and TSIEN, H. S.
1941. The Buckling of Thin, Cylindrical Shells Under Axial Compres-

mion. Jour. Aero. Sc. Vol. 8, p. 303.

(17) , DUNN, i.. C., and TSIEN, H. S.
1940. The Indluence of Curvature on the Buckling Characteristics of

Structures. Jour. Aero. Sc. Vol. 7, p. Z76.

(18) WILLIAMS, D., LDEGGETT, D. M. A., and HOPKINS, H. G.
1941. Flat Sandwich "anels Under Compresuivc End Loads, British

Royal Aircraft Establishment Report No. A. D. 3174.

Kept. No. 1830 -35.

177• - - :=-2- .... _--.. m -- .-



Notation* I----

a length of buckle,

SA I/EbI

Ij A1 , A2 , A 3. A4 , AS defined by equations (43) to (46).

A's, A'3 , A'3 , A'4 , A; defined by equations (53) to (55).

I b width of buckle.

II/E

•c thickness of the core.

•ne&Ctctc-rfertill stVress.

zIrxv
SC Ea -

d2

d1, d2 , d3  
defined by equation (57).

z e etc. components of otrain.

e defined by equations (26), (Vi), and (28).
,*•3

84 defined by equation (64).

defined by equation (66).es

E* Ey Young's moduli of the facings

Ex ((I + fZ)
Ea b

E y (f I + fz)
Eb h

f ~thicknesses of the facings.

9 quantity proportional to mean radial expansion.
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If

def ined by equation (49).

defined by equation (%O).

k,, k' parameters introduced in equations (31).

K see equations (74), (75), and (79).

K 1,KK defined by equations (Z3), (24), and (25).

K4  defined by equation (84). -

I'p mean compressive mirens.

Pf compressive iptrasm In the facings.

q, q' introduced in equations (31).

r radius of middle surface of the cylindrical shell.

5 x' K K defined by equations (U4).

T defined by equation (83).

p axial component of displacement.

*V circumferential component of displacement.

SU. strain energy of the core in the bending of the
sandwich shell.

ur' UM strain energy of the facings in the bending of the
sandwich shell.

w radial component of displacement.

U€extensional strain energy.

W lextenural strain energy.
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W3  virtual work of the compreslive 10&d,

W (W1 + W2 - W3 )/abb'

KX. 2y. etc. componenti of stress.

a b/a.

0 w/b.

t  ydefined by equations (80), (81), (32), and (86).VI Yt' Y3' YY 4

8 a parameter that is proportitifal to depth of a
- buckle.

initial value of 8.

- mean compressive strain.

r coordinate shown in fig. 3.

! inZ hir.

* - K (i -ry W",).

modulus of rigidity of the facings.

e ' ~ rmoduli of rigidity of the core.

* x'1 + f2)
h

o6 r/h.

,xy Oyx Poisson's ratios of the facings.

* defined by equation (51).

G By Sx.
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Figure 3. -- Section of a cylindrical shell, where r is the
radius of the middle surface of the shell, c is the thick-
nees of the core, f! and f2 are the thicknesses of the

facings, 5 Is the distance indicated in the figure, and
is the coordinate indicated in the figure.

Note- The curved lines are arcs of concentric circles.
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